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We prove a conjecture due to Wanless [1] about the permanent of Hadamard matrices in the
particular case of Sylvester-Hadamard matrices. Namely we show that for all n ≥ 2, the dyadic
valuation of the permanent of the Sylvester-Hadamard matrix of order n is equal to the dyadic
valuation of n!. As a consequence, the permanent of the Sylvester-Hadamard matrix of order n
doesn’t vanish for n ≥ 2.
Let n ∈ N∗, the Sylvester-Hadamard matrix of order n is defined by induction:
Hn =
(
Hn−1 Hn−1
Hn−1 −Hn−1
)
, (1)
with H0 = 1. Equivalently,
Hn = H ⊗ · · · ⊗H︸ ︷︷ ︸
n times
, (2)
where
H = H1 =
(
1 1
1 −1
)
. (3)
The Sylvester-Hadamard matrix of order n is thus a square (1,−1)-matrix of size 2n. It is also a Hadamard matrix
since HnH
T
n = 2
nI2n , where I2n denotes the identity matrix of order 2
n. While the entries of its first line and column
are only 1’s, each other line or column of Hn contains the same number 2
n−1 of 1’s and −1’s. As a preliminary result,
this implies that the products of the elements of each line or column of Hn are equal to 1 for n ≥ 2. Let M ∈ N
∗, let
us define the permanent of an M ×M matrix T = (tij)1≤i,j≤M by
Per(T ) =
∑
σ∈SM
M∏
k=1
tkσ(k), (4)
where SM is the symmetric group over {1, . . . ,M}. For all k ∈ Z we will write ν2(k) for the dyadic valuation of k.
We may then state the following result:
Theorem 1. For all n ≥ 2, ν2(Per(Hn)) = 2
n − 1.
Proof. For a given n ≥ 2, we write Hn = S = (sij)1≤i,j≤2n . For 1 ≤ i, j ≤ 2
n, we denote by Si,j the matrix
obtained from S by removing the ith line and the jth column. We have
S = H ⊗ · · · ⊗H︸ ︷︷ ︸
n times
. (5)
The lines of H together with the element-wise multiplication form a group isomorphic to Z/2Z, thus the lines of S
together with the element-wise multiplication form a group isomorphic to (Z/2Z)
n
. As a consequence, multiplying
element-wise all lines of S by its kth line, for any given k ∈ {1, . . . , 2n}, amounts to permuting the lines of S. For all
k ∈ {1, . . . , 2n}, we can thus obtain the matrix S1,1 from the matrix Sk,1 by multiplying element-wise all lines by the
kth line of S and then permuting the lines. Since the permanent is invariant by line permutation we obtain, for all
k ∈ {1, . . . , 2n},
Per(Sk,1) = ǫkPer(S1,1), (6)
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2where ǫk = s1k
∏2n
l=1 skl. For all k ∈ {1, . . . , 2
n}, s1k = sk1 = 1, and the product of the elements of a line of S is equal
1 for each line with the preliminary result, so ǫk = 1. Hence for all k ∈ {1, . . . , 2
n},
Per(Sk,1) = Per(S1,1). (7)
We then use the Laplace expansion of the permanent to obtain
Per(S) =
2n∑
k=1
sk1Per(Sk,1)
=
2n∑
k=1
Per(S1,1)
= 2nPer(S1,1),
(8)
where we used Eq. (7) in the second line. Now S1,1 is a square matrix of size 2
n−1, so by a result of [2], ν2(Per(S1,1)) =
2n − n− 1. For completeness we reproduce the proof here:
Let m ∈ N∗, let A be any square (1,−1)-matrix of size m and let J be the square matrix of size m
whose entries are only +1. We write A = J − 2B, for some (0, 1)-matrix B. The expansion formula for
the permanent of the sum of matrices [3] gives
Per(A) = Per(J − 2B)
= m!− 2(m− 1)!p1(B) + 2
2(m− 2)!p2(B) + · · ·+ (−1)
m2mpm(B),
(9)
where pk(B) denotes the sum of the permanents of all the k × k submatrices of B, for 1 ≤ k ≤ m. Now
for all k, ν2(k!) = k − sk, where sk is the number of non-zero digits in the binary writing of k [4]. Hence
for all k < m we have
ν2(2
m−kk!pm−k(B)) ≥ (m− k) + (m− sk) = m− sk (10)
and ν2(m!) = m−sm. If m = 2
n−1, then sm = n while for all k < m we have sk < n, so m−sk > m−sm.
This implies that the right-hand side of Eq. (9) has dyadic valuation m− n = 2n − n− 1.
With Eq. (8), this finally implies that
ν2(Per(S)) = 2
n − 1. (11)
In particular, ν2(2
n!) = 2n − 1, hence 2ν2(2
n!) exactly divides Per(Hn) for n ≥ 2, so the dyadic valuation of the
permanent of the Sylvester-Hadamard matrix of order n is equal to the dyadic valuation of n! for n ≥ 2. A direct
consequence of Theorem 1 is that the permanent of the Sylvester-Hadamard matrix of order n doesn’t vanish for
n ≥ 2. The latter result has been derived independently in [5].
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